A chemostat model with delayed response in growth and impulsive diffusion and input on nutrients is considered. Using the discrete dynamical system determined by the stroboscopic map, we obtain a microorganism-extinction periodic solution. Further, it is globally attractive. The permanent condition of the investigated system is also obtained by the theory on impulsive delay differential equation. Finally, numerical analysis is inserted to illustrate dynamical behaviors of the chemostat system. Our results reveal that the impulsive input amount of nutrients plays an important role on the outcome of the chemostat. Our results provide strategy basis for biochemical reaction management.
Introduction
The theory of impulsive differential equation appears as a natural description of several real processes subject to certain perturbations whose duration is negligible in comparison with the duration of the process. Recently, equations of this kind are found in almost every domain of applied science. Many examples are given in 1 . Some impulsive differential equations have been recently introduced in population dynamics 2-7 , pulse vaccination 8-11 , and chemostat dynamics 12-15 . The chemostat is a basic piece of laboratory apparatus. The advantages are that certain of the biological parameters assumed to influence the outcomes can be controlled by the experimenters. The chemostat plays an important role in bioprocessing, such as ecology, microbiology, chemical engineering, and so forth. Smith and Waltman had made discussion about the chemostat model in 16 . The models contain discrete time delays which account for time which laps between uptaked of nutrient and the assimilation of nutrient into viable biomass. Smith, Waltman 17 and Kuang 18 discussed various aspects of models with discrete time delay. Freedman, So, and Waltman 19 were the first to incorporate time delay in chemostat models. Ellermeyer 20 , Hsu et al. 21, 22 , analyzed a discrete time delay model with two competitive microorganisms for a single nutrient in a chemostat. Hale 26 did a theoretical and empirical investigation of delayed growth response in the continuous culture of bacteria. Delays occur naturally in biological system by two obvious sources of delays: delays due to the cell cycle; and delays due to the possibility the organism stores the nutrient. Delays appear in a chemostat model in Bush and Cook 27 . They have investigated a model of growth of one organism in the chemostat with a delay in the intrinsic growth rate of the microorganism but with no delay in the substrate equation.
In chemostat's simplest form, the system approximates conditions for plankton growth in lakes, where the limiting nutrients such as silica and phosphate are supplied from streams draining the watershed. In the lakes, the plankton population movements are subject to many factors, such as currents and turbulent lateral diffusion cf. Levin and Segel 28 , Mimura 29 , Okubo 30 , Freedman and Ruan 31 . Ruan 32 proposed a diffusive plankton-nutrient interaction model with delayed nutrient recycling and delayed growth response and studied Turing instability and the existence of travelling wave solutions. However, they did not investigate a chemostat model with delayed response in growth and impulsive diffusion on nutrients. Many researchers indicated that it was important to consider models with periodic perturbations, since these models may be quite naturally exposed in many real world phenomena, for instance, food supply, mating habits, cross flooding in rainstorm season. In fact, the perturbations such as cross flooding in rainstorm which are not suitable to be considered with continuity. These perturbations bring sudden changes to the system. Systems with sudden perturbations are involving an impulsive differential equations which have been studied intensively and systematically in 1, 2 . There are few papers 8, 12, 33, 34 research the chemostat model with impulsive perturbations on nutrients. In this paper, a chemostat model with delayed response in growth and impulsive diffusion on nutrients is investigated, we will obtain a microorganism-extinction periodic solution. Further, it is globally attractive. The permanent condition of the investigated system is also obtained.
The organizations of the paper are as following. In Section 2, we introduce a chemostat model with delayed response in growth and impulsive diffusion on nutrients. In Section 3, we present some preliminary results about the investigated model. Our main results are stated and proven in Section 4. Finally, the numerical analysis is inserted to illustrate the results, and conclude with a brief discussion in Section 5.
The Model
We investigate the following chemostat model with delayed response in growth and impulsive diffusion on nutrients:
where we suppose that the system is composed of two lakes connected by impulsive diffusion. s i t denotes the concentration of the nutrient in ith lake at time t i 1, 2 . s
denotes the input nutrient concentration in ith lake i 1, 2 . D i denotes the input rate from the lakes containing the substrate and the wash-out rate of substrate and microorganism by products from Lake i i 1, 2 . 0 < d < 1 is diffusive rate between Lake 1 and Lake 2. It is assumed here that the net exchange from patch j to Lake i is proportional to the difference s j −s i of concentration of the nutrient. x t denotes the concentration of the the microorganism in the second lake at time t. τ 1 stands for the time delay in conversion of nutrient to biomass for the microorganism. As discussed in 20, 32 , e −D 2 τ 1 x t−τ 1 represents the biomass of those microorganisms that consume nutrient τ 1 units of time prior to time t and that survive in the chemostat the τ 1 units of time necessary to complete the nutrient conversion process. P s 2 t indicates the consumption rate of nutrient by the microorganism. It is assumed that P 0 0, P 0 > 0 and P 0 ≤ 0. In particular, these hypotheses are satisfied by the MichaelisMenten function P s 2 t s 2 t / k s 2 t , here k > 0 is the half-saturation constant or Michaelis-Menten constant. The impulsive diffusion occurs every τ period τ > 0 , the system evolves from its initial state without being further affected by diffusion until the next pulse appears. Δx x nτ − x nτ , and x nτ represents the concentration of the plankton in the ith lake immediately after the nth diffusion pulse at time t nτ, while x nτ represents the concentration of the microorganism in the ith lake before the nth diffusion pulse at time t nτ, n ∈ Z . μ 1 ≥ 0 is the amount of the substrate concentration pulse at t nτ, n ∈ Z in first lake. The purpose of this paper is to prove that the system 2.1 has a microorganismextinction periodic solution, further, it is globally attractive, and also prove system 2.1 is permanent. 
The Lemmas
When t nτ, V nτ μ 1 . By 1, lemma 2.2 , for t ∈ nτ, n 1 τ , we have
3.2
So V t is uniformly ultimately bounded. Hence, by the definition of V t , there exists a constant M > 0 such that
−Dτ M for all t large enough. The proof is complete.
If x t
0, the subsystem of 2.1 is written as
t / nτ, n 1, 2 . . . ,
3.3
Integrating and solving the first two equations of system 3.3 between pulses, we have
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Considering the last two equations of system 3.3 , we have the stroboscopic map of system 3.3 as follows:
3.5
Equation 3.5 are difference equations. They describe the the concentration of the nutrients in the two lakes at a pulse in terms of values at the previous pulse. The dynamical behaviors of system 3.5 with equation 3.4 determine the dynamical behaviors of system 3.3 . So we will devote to investigate system 3.5 . From system 3.5 , we can easily have a unique fixed point of system 3.5 as follows
To write system 3.5 as a map, we define the map F : R 2 → R 2 :
3.7
F x is the map evaluated at the point x x 1 , x 2 ∈ R 2 . Consequently, in system 3.4 , F n describes the concentration of the nutrients in the time nτ. 
The dynamical behaviors of system 3.3 also can be shown from Figure 1 . 
where a 1 , a 2 , τ > 0; y t > 0 for −τ ≤ t ≤ 0. If a 1 < a 2 , lim t → ∞ y t 0.
Dynamical Behaviors of 2.1
From the above discussion, we know that there exists a microorganism-extinction boundary periodic solution s 1 t , s 2 t , 0 of system 2.1 . In this section, we will prove that the microorganism-extinction boundary periodic solution s 1 t , s 2 t , 0 of system 2.1 is globally attractive.
Theorem 4.1. If
4.1
holds, then the microorganism-extinction periodic solution s 1 t , s 2 t , 0 of system 2.1 is globally attractive.
Proof. Since
then we can choose ε 0 sufficiently small such that 
t / nτ,
t nτ,
4.4
In view of Remark 3.3, we obtain the periodic solution of system 4.4
which is globally asymptotically stable. Here
From Remark 3.3 and comparison theorem of impulsive equation 1 , we have s i t ≤ x i t i 1, 2 , and x i t → s i t i 1, 2 as t → ∞. Then there exists an integer k
From the third equation of system 2.1 , we get
Advances in Difference Equations 9
Considering the following comparison differential system:
we have e −D 2 τ 1 P < D 2 . According to Lemma 3.4, we have lim t → ∞ y t 0. Let s 1 t , s 2 t , x t be the solution of system 2.1 with initial conditions and x ζ ϕ 3 ζ ζ ∈ −τ 1 , 0 , y t is the solution of system 4.10 with initial conditions x ζ ϕ 3 ζ ζ ∈ −τ 1 , 0 . By the comparison theorem, we have
Incorporating into the positivity of x t , we know that lim t → ∞ x t 0, Therefore, for any ε 1 > 0 sufficiently small , there exists an integer k 3 k 3 τ > k 2 τ τ 1 such that x t < ε 1 for all t > k 3 τ.
For system 2.1 , we have
Then we have 
14 1
4.15
where 
4.16
Proof. The third equation of system 2.1 can be rewritten as
Let us consider any positive solution s 1 t , s 2 t , x t of system 2.1 . According to 4.14 , V t is defined as
We calculate the derivative of V t along the solution of 2.1 :
12
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4.21
We claim that for any t 0 > 0, it is impossible that x t < x * for all t > t 0 . Suppose that the claim is not valid. Then there is a t 0 > 0 such that x t < x * for all t > t 0 . It follows from the second equation of 2.1 that for all t > t 0 ,
Consider the following comparison impulsive system for all t > t 0 :
4.23
By Lemma 3.5, we obtain v 1 t s 
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Hence, the first equation of system 1.1 imply that
This is a contradiction. Thus, x t ≥ x m for all t > t 1 we only need t * to be large . We conclude x t ≥ q for all large t. In the second case. In view of above discussion, the choice of q is independent of the positive solution, and we proved that any positive solution of 2.1 satisfies x t ≥ q for all sufficiently large t. This completes the proof of the theorem. 
Discussion
In this paper, we investigate a delayed chemostat model with impulsive diffusion and input on nutrients. From Theorems 4.1 and 4.4, we analyze that the microorganism-extinction periodic solution of system 2.1 is globally attractive, and System 2.1 is also proved to be permanent. If it is assumed that the consumption rate of nutrient by the plankton is P s 2 
